Abstract. In this paper we show that the first cohomology group H 1
Introduction
In this paper we shall be concerned with the structure of the second cohomology group of a group algebra L 1 (G) with coefficients in the nth dual space (L 1 (G)) (n) . We begin by recalling some terminology.
Suppose that A is a Banach algebra and that X is a Banach A-bimodule, so that X is an A-bimodule, X is a Banach space for a norm · , and a · x ≤ a x and x · a ≤ a x for a ∈ A and x ∈ X . For example, A itself is a Banach A-bimodule. Let A be a Banach algebra and let X be a Banach A-bimodule. Then the X is also a Banach A-bimodule for the products a · λ and λ · a specified by
(a ∈ A, x ∈ X , λ ∈ X ).
Similarly, the higher duals X (n) are Banach A-bimodules. The canonical embedding of X in X (2) = X is denoted by . Since a · x = a · x, then X (n) is a submodule of X (n+2) for every n ∈ Z + . We also set X (0) = X . If S is a topological space and G is a (discrete) group, then we say that S is a G-set if the product gx is defined for all g in G and x in S in such a way that g(hx) = (gh)x (g, h ∈ G, x ∈ S) and x → gx is a homeomorphism of S onto S for every g in S. The cohomology complex is
where for n ∈ Z + , C n (A, X ) is the set of all bounded n-linear maps from A to X . The map δ
where T ∈ C n (A, X ) and a 1 , . . . , a n+1 ∈ A. The space ker δ n of bounded n-cocycle is denoted by Z n (A, X ) and the space Im δ n−1 of bounded n-coboundary is denoted by B n (A, X ). We recall that B n (A, X ) is a subspace of Z n (A, X ) and that the nth cohomology group H n (A, X ) is defined by the quotient
which is called the nth continuous or Banach cohomology group of A with coefficients in X . The space Z n (A, X ) is a Banach space, but in general B n (A, X ) is not closed; we regard H n (A, X ) as a complete seminormed space with respect to the quotient seminorm. This seminorm is a norm if and only if B n (A, X ) is a closed subspace of C n (A, X ), which means that H n (A, X ) is a Banach space. It is unknown whether or not H n (A, X ) is a Banach space for every n. The Banach algebra A is amenable if H 1 (A, X ) = 0 for every Banach Abimodule X . This definition of amenability was introduced by Johnson in (1972) [9] . The Banach algebra A is weakly amenable if H 1 (A, A ) = 0. This definition generalizes the one that was introduced by Bade, Curtis and Dales in [1] , where it was noted that a commutative Banach algebra A is weakly amenable if and only if H 1 (A, X ) = 0 for every symmetric Banach A-bimodule X . The Banach algebra A is permanently weakly amenable if A is n-weakly amenable for every n ∈ N, that is, H 1 (A, A (n) ) = 0. This notion was introduced by Dales, Ghahramani and Grønbaek in [2] .
It was shown in [9] that the group algebra L 1 (G) is amenable if and only if G is an amenable group, and in [11] that L 1 (G) is weakly amenable for every locally compact group G; see also [3] for a shorter proof. Also it was shown in [2] that L 1 (G) is (2n + 1)-weakly amenable for every locally compact group G. Johnson [9] proved that for the free group on two generators
In [8] Ivanov and in [12] Matsumoto and Morita showed that
is a Banach space for every discrete group G with trivial action on C. A. Pourabbas and M. C. White [13] showed that the second cohomology group of L 1 (G) with coefficients in L ∞ (G) is a Banach space for every locally compact group G. In this paper first we show that
(2n+1) ) = 0 for every discrete group G and every G-set S. Next we show that the second cohomology group of L 1 (G) with coefficients in (L 1 (G)) (2n+1) is a Banach space for every locally compact group G and every n ∈ N.
The following proposition is standard. We include the proof as a base for later results. Proof. Fix y ∈ Im Φ and > 0. There exists an element y 1 ∈ Im Φ such that
By considering y − y 1 , there exits an element y 2 ∈ Im Φ such that
. By induction, this process defines a sequence {y n } ⊆ Im Φ such that
By the hypothesis, for every y n ∈ Im Φ, there exists an x n ∈ X such that
For every n ∈ N by (1.3) and (1.2) we have
Hence Φ(x) = y so that y ∈ Im Φ. Thus the range of Φ is closed.
Second cohomology group of discrete group algebras
In this section we will show that the first cohomology group of 1 (G) with coefficients in ( 1 (S)) (2n+1) for an arbitrary G-set S is trivial. Next we will show that
Because the second dual of a commutative unital C * -algebra is a commutative von Neumann algebra, then X = ( 1 (S)) (2n+1) is the underlying space of a commutative von Neumann algebra, and hence it is an L ∞ -space. The space X R of real-valued functions in X forms a complete lattice in the sense that every nonempty subset of X R that is bounded above has a supremum.
) ) = 0 for every G-set S and for every n ∈ N.
Proof. Let X = ( 1 (S)) (2n) and D ∈ Z 1 ( 1 (G), X ). We show that there exists a function φ in X that satisfies
where δ g is the point mass at g. Let ReD denote the real part of D and let
Then S is a subset of X R and is bounded above by D in X R . Since X R is a complete lattice, φ r = sup(S) exists in X R .
For every g ∈ G and x ∈ X we have
. A similar result holds for the imaginary part of D(δ g ), and so we see that there exists φ ∈ X such that
) is a Banach space for every G-set S and for every n ∈ N.
Proof. Let X = ( 1 (S)) (2n) and ψ ∈ C 1 ( 1 (G), X ). Then for every g, h ∈ G and x ∈ X with x ≤ 1 we have
where g
On the other hand,
From (2.2) and (2.3) we have
Similarly, by considering imaginary parts we have
By putting f = f r + if i we obtain
Now let us defineψ (δ h )(x) = (δf )(δ h )(x) + ψ(δ h )(x). It is clear thatψ ∈ C
1 ( 1 (G), X ), δψ = δψ and ψ (δ h )(x) ≤ 2 δψ x for every h ∈ G and x ∈ X . Thus ψ ≤ 2 δψ and this completes the proof.
Second cohomology group of locally compact group algebras
Now we state the final result of this paper. We show
and µ ∈ M (G) the module actions are defined by (f µ)(a) = f (µ * a) and (µf )(a) = f (a * µ). Proof. For every x ∈ X with x ≤ 1 and a, b ∈ A with a ≤ 1 and b ≤ 1, we have
Thus as noted in the Introduction the higher duals (L
Choose a bounded approximate identity {e α } in A such that the iterated weak * -
exists. Then for every x ∈ X and a ∈ A, by (3.1) we have
where we have used several times the fact that
For the rest of this section we set X = (L 1 (G)) (2n) . Observe that, as in Remark 2.1, since the dual space X is an L ∞ -space, then the space X R of real-valued functions in X forms a complete lattice.
(ii) Let µ and ν be in M (G) with µ , ν ≤ 1, and let x be in X with x ≤ 1.
Proof. (i) We follow the proof of [9, Lemma 1.10] for this particular case. Let µ ∈ M (G) and let {e α } be a bounded approximate identity of norm one for
we see that {ψ α } is a bounded net in C 1 (M (G), X ) and so has a subnet {ψ β } convergent to a limitψ in the weak * -topology induced by identifying
To prove (ii) let us consider µ, ν ∈ M (G) with µ , ν ≤ 1 and x ∈ X with x ≤ 1. Then
Similarly for imaginary parts we have
But from (3.2) we also have
Hence (3.3) and (3.4) imply that
By Proposition 3.1 there exists ψ ∈ X such that
Since S is bounded above by φ in X R , then ψ r = sup g∈G S exists in X R . For every h ∈ G and x ∈ X with x ≤ 1 by (3.2) we have Therefore,
Similarly, by considering imaginary parts we obtain ψ i such that Then δψ = δφ and ψ (µ)(x) ≤ 17 δφ for every µ ∈ M (G) with µ ≤ 1 and
x ∈ X with x ≤ 1. So ψ ≤ 17 δφ and by Proposition 3.2 (i), this completes the proof.
